Abstract. We use the Cauchy-Crofton formula to show that every Q-bounded definable cell in an O-minimal expansion of a field F ≥ R satisfies the Whitney arc property.
Preliminaries.
2.1. The Berarducci-Otero measure in an o-minimal structure. We fix an O-minimal expansion of an ordered field extension F of R. A set A ⊂ F d is Q-bounded if there is a q ∈ Q such that A ⊂ [−q, q] d .
We give a description of the real-valued additive measure defined in [1] . This measure is defined on a Boolean algebra of of subsets of F n which includes the definable Q-bounded subsets of F n . The inner measure of A is: µ * (A) := sup{µ(P ) : P ⊂ A, P ∈ PR (d) (F)}.
Here the infimum and supremum are taken in R.
A Q-bounded set A is measurable if µ * (A) = µ * (A), and in this case the measure of A is defined as µ(A) := µ * (A) = µ * (A). One of the main results in [1] is the following provided that [0, f ) A := {(x, y) : x ∈ A, 0 ≤ y < f (x)} is measurable. For general f : F d −→ F, we put
provided both terms on the right exist, where f + and f − are, respectively, the positive and negative part of f . This integral can be used to define the length of a definable C 1 curve γ : (a, b) −→ F n , with (a, b) and Im(γ ′ ) Q-bounded, by
2.2. The Cauchy-Crofton Formula. Let C c (M ) be the collection of compactly supported continuous real valued functions on a manifold M . A measure on M is an R-linear mapping C c (M ) −→ R such that: for each compact K ⊂ M , there is a constant m K such that for every continuous f with compact support contained in K,
Let M be a manifold together with a left action of a Lie group
Let G be the group of isometries of R n . Let AGr n−1 (R n ) be the affine Grassmannian of hyperplanes in R n , that is, AGr n−1 (R n ) is the collection of all affine hyperplanes in R n . The group G acts on AGr n−1 (R n ) in a cannonical way, and AGr n−1 (R n ) has a measure which is invariant under the action by G. Furthermore, a G-invariant measure in AGr n−1 (R n ) is unique up to a constant factor.
The Cauchy-Crofton formula expresses the length of a compact, embedded curve in R n as the average number of points of intersection of the curve with a hyperplane in R n .
Theorem 2.4. Let G be the group of motions of R n . Then there is a G invariant measure dL on AGr n−1 (R n ) such that for any compact embedded 1-dimensional submanifold γ of R n ,
where for L ∈ AGr n−1 (R n ), |γ ∩ L| is the number of points of intersection of γ with L.
See [3] 3.18 for a proof.
3. The length of a definable Q-bounded curve.
We prove in Theorem 3.3 that any definable Q-bounded curve can be reparametrized by a definable, piecewise map with finite first and second derivatives.
An element x of F n is finite if it is bounded in magnitude by some natural number, infinite otherwise and infinitesimal if |x| < r for every r ∈ R >0 ; in the last case we write x ≈ 0. For a finite x ∈ F the monad of x, denoted by µ(x), consists of all y ∈ F with y − x ≈ 0, we write y ≈ x for y ∈ µ(x) and we say that y is infinitesimally close to x. For finite x ∈ F the standard part of x is st(x) := sup{r ∈ R : r < x}. If x = (x 1 , . . . , x n ) ∈ F n is finite, st(x) := (st(x 1 ), . . . , st(x n )). Proof. For r ∈ F >0 , let A r := {x ∈ (a, b) : |f ′ (x)| > 1/r}. The family {A r } r∈F>0 is a definable family of sets. Let r ≈ 0. By the mean value theorem (see [2] ), any interval contained in A r is of infinitesimal length. Since A r is definable, it follows from O-minimality that A r is contained in a finite union of monads; let n r be the minimum number of monads containing A r . By cell decomposition, there is an N ∈ N such that for every r ∈ F >0 the set A r is a union of at most N disjoint intervals and points. Let s ≈ 0 be such that n s = max r≈0 n r , and let A be the finite union of the n s monads containing A s . For r < s, A r ⊂ A s so A r ⊂ A. For r > s, r ≈ 0, A s ⊂ A r so n s is at most n r ; since n s is maximal, n r = n s and therefore A r must be contained in A. f ′ is finite away from A.
. Similarly, if A ⊂ F m and f : A −→ F n maps finite elements into finite elements, we define f :
) be a definable and twice differentiable function, where
Proof. We first consider the case where 0 ∈ (a, b) but 0 ≈ a, b, f (0) = 0, and
thus by the mean value theorem there is an x between 0 and h such that |f
h | > ǫ, and a z between 0 and x with |f
x |, but this last fraction is infinite. This shows that the set
contains all positive infinitesimals. This set is also definable, so by the cell decomposition theorem it is a finite union of intervals and points and therefore it must contain a positive real δ. This shows that f is differentiable at 0 and f
Since g(0) = 0, g ′ (0) = 0 and 0 is not infinitesimally close to the endpoints of Dom(g), g is differentiable at 0 and g ′ (0) = 0. It follows that f is differentiable at st(x 0 ) with derivative st(f ′ (x 0 )).
is either constant or has a reparametrization σ with σ ′ finite, σ ′′ (x) finite for x ≈ a i , a i+1 , and with σ an embedded C 1 -curve in R n .
Proof. By the C 1 -cell decomposition theorem γ is piecewise C 1 , so without loss of generality we can assume that γ is C 1 . Also γ ′ = 0 in a finite union of intervals and points, and γ is constant on those intervals where γ ′ = 0; thus we may assume that γ ′ = 0. Similarly we can assume that γ is injective. Let Gr 1 (F n ) be the Grassmannian of l-dimensional subspaces of F n . Then Gr 1 (F n ) is the disjoint union of the definable sets
. The sets φ −1 (A i ) are definable, and therefore are a union of intervals and points. Suppose that I is one of these intervals and let J := γ i (I). Since γ ′ i = 0 on I, J contains an interval; and since J is a finite union of intervals and points the intermediate value theorem shows that J is a single interval. Moreover, J is Qbounded. We define 
showing that σ is an open map and therefore an embedding.
The Cauchy-Crofton formula for the Berarducci-Otero length
We prove that for a Q-bounded, injective, definable curve γ in F n , the length of γ is the average number of points of intersection of γ with an affine hyperplane defined over R. The proof is a reduction to the standard Cauchy-Crofton formula for the length of a curve in R n . The main point is that the number of points of intersection of γ with a hyperplane L defined over the reals is the same as the number of points of intersection of the standard part of γ, namely γ, with the real points of L, as long as L is not tangent to the curve γ. 
Let γ : [0, 1] −→ F n be a definable curve with Q-bounded image γ ′ finite and γ ′′ (x) finite for x ≈ 0, 1. We will assume that γ is an embedded C 1 curve in R n .
, and let g :
Proof. Let L ∈ AGr n−1 (R n ) ⊂ AGr n−1 (F n ), and denote by L R the set of R-points of L. Suppose that L R intersects γ transversely and let p ∈ γ ∩ L. Then there are t 0 < t 1 such that γ|[t 0 , t 1 ] ∩ L = {p} and γ(t 0 ), γ(t 1 ) lie on opposite sides of L. Then γ(t 0 ), γ(t 1 ) must lie on opposite sides of L, so there is a t ∈ (t 0 , t 1 ) such that γ(t) ∈ L. Since t ≈ st(t) and γ ′ is finite, γ(st(t)) ≈ γ(t). Thus
then there are two infinitesimally close points of γ in L, that is, there are γ(t 0 ), γ(t 1 ) ∈ L with γ(t 0 ) ≈ γ(t 1 ) and say t 0 < t 1 . Since γ is injective, we have t 0 ≈ t 1 . Assume t 0 ≈ 0, 1. By Lemma 3.2, for all s, t ≈ t 0 , and i = 1, . . . , n, we have γ ′ i (s) ≈ γ ′ i (t). By the mean value theorem, there are u 1 , . . . , u n ∈ (t 0 , t 1 ) such that
This means that st(γ ′ (t)) is paralel to st(
, in other words, if l is the secant line through γ(t 0 ), γ(t 1 ), we must have st(l) tangent to γ at st(t 0 ). In particular, we have that L is tangent to γ at some point of γ. Thus f (L) ≤ g(L) whenever L is transverse to γ and not infinitesimally close to γ(0), γ(1). We have shown that f | AGr n−1 (R n ) and g agree almost everywhere, thus the conclusion follows. 
|γ ∩ L| dL.
Length in definable families of curves
We now prove that there is a bound on the lengths of the curves in a Q-bounded definable family. We conclude by using this result to prove that cells have the Whitney arc property. 
Proposition 5.3. If A ⊂ F m is definable and definably connected, then there is a definable family of injective curves
Proof. We use induction on m. The case m = 1 is trivial. For m > 1, assume first that A is a cell. By induction, we may assume that A is an open cell in F m , for, if A itself is not open, then A is the graph of a function g : U −→ F, U ⊂ F m−1 , and we may lift the paths in U to paths in A by using g. Let C be the projection of A into F m−1 so that A = (f, g) C for some definable functions f, g on C. By induction there is a definable family of curves Λ in C with the required property. Assume that f , g take values in F (the other cases are handled similarly). Let (y, r), (z, s) ∈ A with y, z ∈ C. We first connect (y, r) to (y, (f (y) + g(y))/2) by a vertical path in A. The path Λ (y,z) in C connecting y and z lifts to the path t −→ (Λ (y,z) (t), (f (Λ (y,z) (t)) + g(Λ (y,z) (t)))/2) connecting (y, (f (y) + g(y))/2) to (z, (f (z) + g(z))/2). The last point can be connected to (z, s) by a vertical path in A. Concatenating these three paths, we get a path λ ((y,r),(z,s)) in A connecting (y, r) and (z, s). The collection of these paths constitutes the required definable family.
In the general case, since A is definably connected, we can write it as the union of cells C 1 , . . . , C k , where for i < k either C i intersects the closure of C i+1 , or C i+1 intersects the closure of C i ( [2] Chapter 3, (2.19)). By definable choice ([2] Chapter 6, (1.2)), we can definably pick an element
Combining this with the fact that the result was already proved for cells we get the desired family λ. 
The last integral is finite since λ is Q-bounded, thus
is the required constant.
Corollary 5.5. If A ⊂ F n is definable, Q-bounded, and definably connected, then there is a definable family of injective curves λ ⊂ A 2 ×([0, 1]×A) and K ∈ R >0 such that for any pair of points x, y ∈ A, λ (x,y) is a piecewise C 1 curve in A joining x and y with length(λ (x,y) ) ≤ K.
For a = (a 1 , . . . , a n ) ∈ R n , and α = (α 1 , . . . , α n ) ∈ (0, ∞) n . The α-box centered at a is the open box B(a, α) :
In what follows we use the max norm in F n , that is for x = (x 1 , . . . , x n ) ∈ F n , |x| := max{|x i | : i = 1, . . . , n}.
Theorem 5.6. Let A ⊂ F n be a cell. If A is Q-bounded, then there is a K ∈ R >0 and a definable family of injective curves γ ⊂ A 2 × [0, 1] × A such that for x, y ∈ A, γ x,y (0) = x, γ x,y (1) = y, and length(γ x,y ) ≤ K|x − y|. In particular A has the Whitney arc property.
Proof. For λ ∈ F >0 and a ∈ F n let f a,λ : F n −→ F n be the dilation about a, that is f a,λ (x) = λ(x − a) + a. Let α = (α 1 , . . . , α n ) ∈ (0, 1) n R . For every a ∈ A and δ ∈ (0, 1) ⊂ F, the set B(a, δα) ∩ A is a cell and therefore is definably connected. For a ∈ A and δ ∈ (0, 1) define
This set is Q-bounded. Also, B δ,a is definably connected since B(a, δα) ∩ A is. By Proposition 5.3, there is a definable family of curves Now let x, y be distinct points in A, and assume that |x − y| < min{α j /3}. Let δ := 3|x − y| min{α j } , y ′ := f x,1/δ (y) = 1 δ (y − x) + x. Then δ ∈ (0, 1) and for any j, |x j − y j | < 3 2 αj min{α j } |x − y| = δα j 2 .
Thus, y ∈ B(x, δα), that is, y ′ ∈ B δ,x . Consider the curve λ δ,x
x,y ′ in B δ,x , joining x and y ′ , and let γ x,y : [0, 1] −→ F n be defined by The collection of curves γ x,y constitutes the required definable family.
As an immediate consequence we have:
Corollary 5.7. Let A ⊂ F n be a definable and Q-bounded set. Then any cell in a cell decomposition of A satisfies the Whitney arc property.
